
Module 4

Thermodynamic Relations



• properties are point functions → exact 
differentials

• the state of a simple compressible system is 
completely specified by any two independent 
intensive properties.

• Measurable properties (p, T, v,  etc.)

• Immeasurable properties (h, u, s  etc.)



• Some Mathematical theorems

• A property of a single component system may 
be written as a general mathematical function 
z = z(x,y) )………ex: P = P (T, v)



For exact differentials,

𝜕𝑀

𝜕𝑦
𝑥

=
𝜕𝑁

𝜕𝑥
𝑦

……𝐶𝑟𝑜𝑠𝑠 𝐷𝑒𝑟𝑖𝑣𝑎𝑡𝑖𝑣𝑒 𝑡ℎ𝑒𝑜𝑟𝑒𝑚

If, x= x(y,z) and  Y = y(z,x)

𝜕𝑥

𝜕𝑦
𝑧

=
1

𝜕𝑦
𝜕𝑥 𝑧

…… .𝑅𝑒𝑐𝑖𝑝𝑟𝑜𝑐𝑖𝑡𝑦 𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛

𝜕𝑥

𝜕𝑦
𝑧

𝜕𝑦

𝜕𝑧
𝑥

𝜕𝑧

𝜕𝑥
𝑦

= −1 ……… . 𝐶𝑦𝑐𝑙𝑖𝑐 𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛



• Combined first and second law equations

𝑑𝑢 = 𝑇𝑑𝑠 − 𝑝𝑑𝑣

𝑑ℎ = 𝑇𝑑𝑠 + 𝑣𝑑𝑝



Helmholtz and Gibbs functions.

• Free Energy → “useful” work

Helmholtz Free Energy, F, (@ T=c, v=c)
F = U – TS     or  f = u  - Ts

ΔF= useful work from a system

Gibbs Free Energy, G, (@ T=c, p=c)

G = H – TS   or g = h – Ts

ΔG= useful work from a chemical reaction



𝑑𝑓 = −𝑝𝑑𝑣 − 𝑠𝑑𝑇

𝑑𝑔 = 𝑣𝑑𝑝 − 𝑠𝑑𝑇



Thermodynamic potentials

• 𝑑𝑢 = 𝑇𝑑𝑠 − 𝑝𝑑𝑣 … . . …𝐶1

• 𝑑ℎ = 𝑇𝑑𝑠 + 𝑣𝑑𝑝 …… . . 𝐶2 𝐶𝑙𝑎𝑢𝑠𝑖𝑢𝑠
• 𝑑𝑔 = 𝑣𝑑𝑝 − 𝑠𝑑𝑇 … . . . . 𝐶3 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠

• 𝑑𝑓 = −𝑝𝑑𝑣 − 𝑠𝑑𝑇 … . . 𝐶4



Maxwell relations

All the four energy relations 𝐶1, 𝐶2, 𝐶3𝑎𝑛𝑑 𝐶4 are
functions of state variables (properties) and hence,
the exactness criteria of differential equation can be
applied.



• 𝐶1 ⇨ 𝑢 = 𝑇𝑑𝑠 − 𝑝𝑑𝑣

𝑖. 𝑒. 𝑑𝑢 = 𝑀𝑑𝑠 + 𝑁𝑑𝑣 𝑤ℎ𝑒𝑟𝑒, 𝑀 ≡ 𝑇 𝑎𝑛𝑑 𝑁 ≡ −𝑝

For differential of function ‘u’ to be exact:
𝜕𝑀

𝜕𝑣
𝑠

=
𝜕𝑁

𝜕𝑠
𝑣

…… . . 𝐶𝑟𝑜𝑠𝑠 𝑑𝑒𝑟𝑖𝑣𝑎𝑡𝑖𝑣𝑒 𝑡ℎ𝑒𝑜𝑟𝑒𝑚

𝜕𝑇

𝜕𝑣
𝑠

= −
𝜕𝑝

𝜕𝑠
𝑣

…… .𝑀1



• 𝐶2 ⇨ 𝑑ℎ = 𝑇𝑑𝑠 + 𝑣𝑑𝑝

𝜕𝑇

𝜕𝑝
𝑠

=
𝜕𝑣

𝜕𝑠
𝑝

…… .𝑀2

• 𝐶3 ⇨ 𝑑𝑔 = 𝑣𝑑𝑝 − 𝑠𝑑𝑇

𝜕𝑣

𝜕𝑇
𝑝

= −
𝜕𝑠

𝜕𝑝
𝑇

…… .𝑀3

• 𝐶4 ⇨ 𝑑𝑓 = −𝑝𝑑𝑣 − 𝑠𝑑𝑇

𝜕𝑝

𝜕𝑇
𝑣

=
𝜕𝑠

𝜕𝑣
𝑇

…… .𝑀4



The mnemonic diagram can help to obtain the Maxwell relations. 
 
Using ‘corner relations’ from the square. 

 

 
𝜕𝑇

𝜕𝑣
 
𝑠

=  −  
𝜕𝑝

𝜕𝑠
 
𝑣
…… . 𝑀1  

 

 
𝜕𝑇

𝜕𝑝
 
𝑠

=   
𝜕𝑣

𝜕𝑠
 
𝑝
… . . … . 𝑀2  

 

 
𝜕𝑣

𝜕𝑇
 
𝑝

=  − 
𝜕𝑠

𝜕𝑝
 
𝑇

…… . 𝑀3  

 

 
𝜕𝑝

𝜕𝑇
 
𝑣

=   
𝜕𝑠

𝜕𝑣
 
𝑇
… . . … . 𝑀4  

 



This mnemonic diagram can help to track the relationships between the 
four thermodynamic potentials U, H, F and G 
 
F =U – TS  

G =H – TS  

H = U + PV  



• 𝐶1 ⇨ 𝑑𝑢 = 𝑇𝑑𝑠 − 𝑝𝑑𝑣 …………… . 1

• 𝑢 = 𝑢 𝑠, 𝑣

∴ 𝑑𝑢 =
𝜕𝑢

𝜕𝑠
𝑣

𝑑𝑠 +
𝜕𝑢

𝜕𝑣
𝑠

𝑑𝑣 ………(2)

Comparing (1) and (2),

𝜕𝑢

𝜕𝑠
𝑣

= 𝑇 𝑎𝑛𝑑
𝜕𝑢

𝜕𝑣
𝑠

= −𝑝



• 𝐶2 ⇨ 𝑑ℎ = 𝑇𝑑𝑠 + 𝑣𝑑𝑝 …………… . (3)

• ℎ = ℎ 𝑠, 𝑝

∴ 𝑑ℎ =
𝜕ℎ

𝜕𝑠
𝑝

𝑑𝑠 +
𝜕ℎ

𝜕𝑝
𝑠

𝑑𝑝 ……… .… (4)

Comparing (3) and (4),

𝜕ℎ

𝜕𝑠
𝑝

= 𝑇 𝑎𝑛𝑑
𝜕ℎ

𝜕𝑝
𝑠

= 𝑣



• 𝐶3 ⇨ 𝑑𝑔 = 𝑣𝑑𝑝 − 𝑠𝑑𝑇 ……… . (5)

• 𝑔 = 𝑔 𝑝, 𝑇

∴ 𝑑𝑔 =
𝜕𝑔

𝜕𝑝
𝑇

𝑑𝑝 +
𝜕𝑔

𝜕𝑇
𝑝

𝑑𝑇 ……(6)

Comparing (5) and (6),

𝜕𝑔

𝜕𝑝
𝑇

= 𝑣 𝑎𝑛𝑑
𝜕𝑔

𝜕𝑇
𝑝

= −𝑠



• 𝐶4 ⇨ 𝑑𝑓 = −𝑝𝑑𝑣 − 𝑠𝑑𝑇 …… . . (7)

• 𝑓 = 𝑓 𝑣, 𝑇

∴ 𝑑𝑓 =
𝜕𝑓

𝜕𝑣
𝑇

𝑑𝑣 +
𝜕𝑓

𝜕𝑇
𝑣

𝑑𝑇 … . (8)

Comparing (7) and (8),

𝜕𝑓

𝜕𝑣
𝑇

= −𝑝 𝑎𝑛𝑑
𝜕𝑓

𝜕𝑇
𝑣

= −𝑠



Description Definition

Specific heat at constant volume 𝐶𝑣=
𝜕𝑢

𝜕𝑇
𝑣

Specific heat at constant pressure
𝐶𝑝 =

𝜕ℎ

𝜕𝑇
𝑝

Coefficient of volume expansion     𝛽 =
1

𝑣

𝜕𝑣

𝜕𝑇
𝑝

Isothermal compressibility factor 𝐾𝑇 = −
1

𝑣

𝜕𝑣

𝜕𝑝
𝑇

Isentropic compressibility factor 𝐾𝑠 = ∝= −
1

𝑣

𝜕𝑣

𝜕𝑝
𝑠

Joule Thomson coefficient 𝜇𝐽𝑇 =
𝜕𝑇

𝜕𝑝
ℎ



Tds Equations

1𝑠𝑡 𝑇𝑑𝑠 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 . 𝑇𝑑𝑠 = 𝐶𝑣𝑑𝑇 + 𝑇
𝜕𝑝

𝜕𝑇
𝑣

𝑑𝑣

2𝑛𝑑 𝑇𝑑𝑠 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 . 𝑇𝑑𝑠 = 𝐶𝑝𝑑𝑇 − 𝑇
𝜕𝑣

𝜕𝑇
𝑝

𝑑𝑝



• 𝑠 = 𝑠 𝑣, 𝑇

𝑑𝑠 =
𝜕𝑠

𝜕𝑣
𝑇

𝑑𝑣 +
𝜕𝑠

𝜕𝑇
𝑣

𝑑𝑇

•
𝜕𝑠

𝜕𝑣 𝑇
=

𝜕𝑝

𝜕𝑇 𝑣
… . .𝑀𝑎𝑥𝑤𝑒𝑙𝑙 𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛.

• Also, 
𝜕𝑠

𝜕𝑇 𝑣
=

𝜕𝑠

𝜕𝑢
.

𝜕𝑢

𝜕𝑇 𝑣
=

1

𝑇
𝐶𝑣

𝑑𝑠 =
𝐶𝑣

𝑇
𝑑𝑇 +

𝜕𝑝

𝜕𝑇
𝑣

𝑑𝑣

∴ 𝑻𝒅𝒔 = 𝑪𝒗𝒅𝑻 + 𝑻
𝝏𝒑

𝝏𝑻
𝒗

𝒅𝒗



•
𝛽

𝐾
=

1

𝑣

𝜕𝑣

𝜕𝑇 𝑝

−
1

𝑣

𝜕𝑣

𝜕𝑝 𝑇

= −
𝜕𝑣

𝜕𝑇 𝑝
.

𝜕𝑝

𝜕𝑣 𝑇

•
𝜕𝑝

𝜕𝑇 𝑣
=

𝛽

𝐾
…… From cyclic relation

∴ 𝑇𝑑𝑠 = 𝐶𝑣𝑑𝑇 +
𝛽

𝐾
𝑇𝑑𝑣

• 𝑑𝑠 =
𝐶𝑣

𝑇
𝑑𝑇 +

𝜕𝑝

𝜕𝑇 𝑣
𝑑𝑣

• 𝑑𝑠 = 𝑀𝑑𝑇 + 𝑁𝑑𝑣

ℎ𝑒𝑛𝑐𝑒,
𝜕 𝐶𝑣

𝜕𝑣
𝑇

= 𝑇
𝜕2𝑝

𝜕𝑇2
𝑣



• 𝑠 = 𝑠 𝑇, 𝑝

𝑑𝑠 =
𝜕𝑠

𝜕𝑇
𝑝

𝑑𝑇 +
𝜕𝑠

𝜕𝑝
𝑇

𝑑𝑝

•
𝜕𝑠

𝜕𝑝 𝑇
= −

𝜕𝑣

𝜕𝑇 𝑝
. . 𝑀𝑎𝑥𝑤𝑒𝑙𝑙 𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛

• Also, 
𝜕𝑠

𝜕𝑇 𝑝
=

𝜕𝑠

𝜕ℎ
.

𝜕ℎ

𝜕𝑇 𝑝
=

1

𝑇
𝐶𝑝

𝑇𝑑𝑠 = 𝐶𝑝𝑑𝑇 − 𝑇
𝜕𝑣

𝜕𝑇
𝑝

𝑑𝑝



• 𝛽 =
1

𝑣

𝜕𝑣

𝜕𝑇 𝑝

𝑇𝑑𝑠 = 𝐶𝑝𝑑𝑇 − 𝛽𝑇𝑣𝑑𝑝

• 𝑑𝑠 =
𝐶𝑝

𝑇
𝑑𝑇 −

𝜕𝑣

𝜕𝑇 𝑝
𝑑𝑝

• 𝑑𝑠 = 𝑀𝑑𝑇 + 𝑁𝑑𝑝

ℎ𝑒𝑛𝑐𝑒,
𝜕𝐶𝑝

𝜕𝑝
= −𝑇

𝜕2𝑣

𝜕𝑇2
𝑝



• 𝑠 = 𝑠 𝑝, 𝑣

𝑑𝑠 =
𝜕𝑠

𝜕𝑝
𝑣

𝑑𝑝 +
𝜕𝑠

𝜕𝑣
𝑝

𝑑𝑣

•
𝜕𝑠

𝜕𝑝 𝑣
𝑑𝑝 =

𝜕𝑠

𝜕𝑢

𝜕𝑢

𝜕𝑇

𝜕𝑇

𝜕𝑝 𝑣
𝑑𝑝 =

1

𝑇
𝐶𝑣

𝜕𝑇

𝜕𝑝 𝑣
𝑑𝑝

•
𝜕𝑠

𝜕𝑣 𝑝
𝑑𝑣 =

𝜕𝑠

𝜕ℎ

𝜕ℎ

𝜕𝑇

𝜕𝑇

𝜕𝑣 𝑝
𝑑𝑣 =

1

𝑇
𝐶𝑝

𝜕𝑇

𝜕𝑣 𝑝
𝑑𝑣

𝑑𝑠 =
1

𝑇
𝐶𝑣

𝜕𝑇

𝜕𝑝
𝑣

𝑑𝑝 +
1

𝑇
𝐶𝑝

𝜕𝑇

𝜕𝑣
𝑝

𝑑𝑣

ℎ𝑒𝑛𝑐𝑒, 𝑇𝑑𝑠 = 𝐶𝑣

𝜕𝑇

𝜕𝑝
𝑣

𝑑𝑝 + 𝐶𝑝

𝜕𝑇

𝜕𝑣
𝑝

𝑑𝑣



• 𝑇𝑑𝑠 = 𝐶𝑣
𝜕𝑇

𝜕𝑝 𝑣
𝑑𝑝 + 𝐶𝑝

𝜕𝑇

𝜕𝑣 𝑝
𝑑𝑣

•
𝛽

𝐾
=

1

𝑣

𝜕𝑣

𝜕𝑇 𝑝

−
1

𝑣

𝜕𝑣

𝜕𝑝 𝑇

= −
𝜕𝑣

𝜕𝑇 𝑝
.

𝜕𝑝

𝜕𝑣 𝑇
➔

𝜕𝑝

𝜕𝑇 𝑣
=

𝛽

𝐾

•
𝜕𝑇

𝜕𝑣 𝑝
=

1

𝑣𝛽

𝑇𝑑𝑠 =
𝐾 𝐶𝑣

𝛽
𝑑𝑝 +

𝐶𝑝

𝛽𝑣
𝑑𝑣



Energy equation

Internal energy

• 𝑑𝑢 = 𝑇𝑑𝑠 − 𝑝𝑑𝑣

• 𝑇𝑑𝑠 = 𝐶𝑣𝑑𝑇 + 𝑇
𝜕𝑝

𝜕𝑇 𝑣
𝑑𝑣

➔ ∴ 𝑑𝑢 = 𝐶𝑣 𝑑𝑇 + 𝑇
𝜕𝑝

𝜕𝑇 𝑣
− 𝑝 𝑑𝑣



• 𝐹𝑜𝑟 𝑎𝑛 𝑖𝑑𝑒𝑎𝑙 𝑔𝑎𝑠, 𝑝𝑣 = 𝑅𝑇

∴
𝜕𝑝

𝜕𝑇
𝑣

=
𝑅

𝑣
=

𝑝

𝑇

• ℎ𝑒𝑛𝑐𝑒, 𝑇
𝜕𝑝

𝜕𝑇 𝑣
− 𝑝 = 0

⇒ 𝑑𝑢 = 𝐶𝑣 𝑑𝑇

𝑇ℎ𝑢𝑠, 𝑢 = 𝑢 𝑇 𝑜𝑛𝑙𝑦



𝛽

𝐾
=

1

𝑣

𝜕𝑣

𝜕𝑇 𝑝

−
1

𝑣

𝜕𝑣

𝜕𝑝 𝑇

= −
𝜕𝑣

𝜕𝑇 𝑝
.

𝜕𝑝

𝜕𝑣 𝑇
=

𝜕𝑝

𝜕𝑇 𝑣

𝑇ℎ𝑢𝑠, 𝑑𝑢 = 𝐶𝑣 𝑑𝑇 +
𝛽𝑇

𝐾
− 𝑝 𝑑𝑣



Energy equation

Enthalpy 

• 𝑑ℎ = 𝑇𝑑𝑠 + 𝑣𝑑𝑝

• 𝑇𝑑𝑠 = 𝐶𝑝𝑑𝑇 − 𝑇
𝜕𝑣

𝜕𝑇 𝑝
𝑑𝑝

➔ 𝑑ℎ = 𝐶𝑝 𝑑𝑇 − 𝑇
𝜕𝑣

𝜕𝑇 𝑝
− 𝑣 𝑑𝑝



• 𝐹𝑜𝑟 𝑎𝑛 𝑖𝑑𝑒𝑎𝑙 𝑔𝑎𝑠, 𝑝𝑣 = 𝑅𝑇

∴
𝜕𝑣

𝜕𝑇
𝑝

=
𝑅

𝑝
=

𝑣

𝑇

• ℎ𝑒𝑛𝑐𝑒, 𝑇
𝜕𝑣

𝜕𝑇 𝑝
− 𝑣 = 0

⇒ 𝑑ℎ = 𝐶𝑝 𝑑𝑇

𝑇ℎ𝑢𝑠, ℎ = ℎ 𝑇 𝑜𝑛𝑙𝑦



Difference in Heat Capacities

• Combining the Tds equations,

𝑇𝑑𝑠 = 𝐶𝑝𝑑𝑇 − 𝑇
𝜕𝑣

𝜕𝑇
𝑝

𝑑𝑝 = 𝐶𝑣𝑑𝑇 + 𝑇
𝜕𝑝

𝜕𝑇
𝑣

𝑑𝑣

𝑑𝑇 =
𝑇

𝐶𝑝 − 𝐶𝑣

𝜕𝑣

𝜕𝑇
𝑝

𝑑𝑝 +
𝜕𝑝

𝜕𝑇
𝑣

𝑑𝑣



• 𝑑𝑇 =
𝑇

𝐶𝑝−𝐶𝑣

𝜕𝑣

𝜕𝑇 𝑝
𝑑𝑝 +

𝑇

𝐶𝑝−𝐶𝑣

𝜕𝑝

𝜕𝑇
𝑣

𝑑𝑣

• 𝐶𝑜𝑛𝑠𝑖𝑑𝑒𝑟𝑖𝑛𝑔, 𝑇 = 𝑇(𝑝, 𝑣)

• 𝑑𝑇 =
𝜕𝑇

𝜕𝑝 𝑣
𝑑𝑝 +

𝜕𝑇

𝜕𝑣 𝑝
𝑑𝑣

•
𝜕𝑇

𝜕𝑝 𝑣
=

𝑇

𝐶𝑝−𝐶𝑣

𝜕𝑣

𝜕𝑇 𝑝

(𝐶𝑝−𝐶𝑣) = 𝑇
𝜕𝑣

𝜕𝑇
𝑝

𝜕𝑝

𝜕𝑇
𝑣



𝐹𝑜𝑟 𝑎𝑛 𝑖𝑑𝑒𝑎𝑙 𝑔𝑎𝑠, 𝑝𝑣 = 𝑅𝑇

∴
𝜕𝑣

𝜕𝑇
𝑝

=
𝑅

𝑝
𝑎𝑛𝑑

𝜕𝑝

𝜕𝑇
𝑣

=
𝑅

𝑣

• (𝐶𝑝−𝐶𝑣) = 𝑇
𝑅

𝑝

𝑅

𝑣
=

𝑇𝑅𝑅

𝑝𝑣
=

𝑇𝑅𝑅

𝑅𝑇
= 𝑅

𝐶𝑝−𝐶𝑣 = 𝑅



(𝐶𝑝−𝐶𝑣) = 𝑇
𝜕𝑣

𝜕𝑇
𝑝

𝜕𝑝

𝜕𝑇
𝑣

Also,

•
𝜕𝑝

𝜕𝑣 𝑇

𝜕𝑣

𝜕𝑇 𝑝

𝜕𝑇

𝜕𝑝 𝑣
= −1

∴
𝜕𝑝

𝜕𝑇
𝑣

= −
𝜕𝑝

𝜕𝑣
𝑇

𝜕𝑣

𝜕𝑇
𝑝

𝑖. 𝑒. 𝐶𝑝 − 𝐶𝑣 = −𝑇
𝜕𝑣

𝜕𝑇
𝑝

2
𝜕𝑝

𝜕𝑣
𝑇



• 𝐶𝑝 − 𝐶𝑣 = −𝑇
𝜕𝑣

𝜕𝑇 𝑝

2
𝜕𝑝

𝜕𝑣 𝑇

•
𝛽2

𝐾
=

1

𝑣

𝜕𝑣

𝜕𝑇 𝑝

2

−
1

𝑣

𝜕𝑣

𝜕𝑝 𝑇

= −
1

𝑣

𝜕𝑣

𝜕𝑇 𝑝

2

.
𝜕𝑝

𝜕𝑣 𝑇

𝐶𝑝−𝐶𝑣 =
𝑣𝑇𝛽2

𝐾

𝑆𝑖𝑛𝑐𝑒, 𝑣 , 𝑇, 𝛽
2
𝑎𝑛𝑑 𝐾 𝑎𝑟𝑒 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑞𝑢𝑎𝑛𝑡𝑖𝑒𝑠, 𝐶𝑝 > 𝐶𝑣



Ratio of specific heats

𝑇𝑑𝑠 = 𝐶𝑣

𝜕𝑇

𝜕𝑝
𝑣

𝑑𝑝 + 𝐶𝑝

𝜕𝑇

𝜕𝑣
𝑝

𝑑𝑣

• For an isentropic process,𝑑𝑠 = 0

⇨ 0 = 𝐶𝑣

𝜕𝑇

𝜕𝑝
𝑣

𝑑𝑝 + 𝐶𝑝

𝜕𝑇

𝜕𝑣
𝑝

𝑑𝑣

𝑖. 𝑒. 𝐶𝑝

𝜕𝑇

𝜕𝑣
𝑝

𝑑𝑣 = −𝐶𝑣

𝜕𝑇

𝜕𝑝
𝑣

𝑑𝑝



𝐶𝑝

𝐶𝑣
= −

𝜕𝑇
𝜕𝑝

𝑣
𝑑𝑝

𝜕𝑇
𝜕𝑣 𝑝

𝑑𝑣
= −

𝜕𝑇
𝜕𝑝

𝑣

𝑑𝑝
𝑑𝑣 𝑠

𝜕𝑇
𝜕𝑣 𝑝

= −
𝜕𝑇

𝜕𝑝
𝑣

𝑑𝑝

𝑑𝑣
𝑠

𝜕𝑣

𝜕𝑇
𝑝

•
𝜕𝑝

𝜕𝑣 𝑇

𝜕𝑣

𝜕𝑇 𝑝

𝜕𝑇

𝜕𝑝 𝑣
= −1 ……. Cyclic relation

•
𝜕𝑇

𝜕𝑝 𝑣

𝜕𝑣

𝜕𝑇 𝑝
= −

1
𝜕𝑝

𝜕𝑣 𝑇

•
𝐶𝑝

𝐶𝑣
= −

𝜕𝑇

𝜕𝑝 𝑣

𝑑𝑝

𝑑𝑣 𝑠

𝜕𝑣

𝜕𝑇 𝑝
=

𝑑𝑝

𝑑𝑣 𝑠
𝜕𝑝

𝜕𝑣 𝑇

=
𝐾𝑇

𝐾𝑠
= 𝛾

• =
𝑆𝑙𝑜𝑝𝑒 𝑜𝑓 𝑖𝑠𝑒𝑛𝑡𝑟𝑜𝑝𝑖𝑐 𝑐𝑢𝑟𝑣𝑒 𝑜𝑛 𝑡ℎ𝑒 𝑝−𝑣 𝑝𝑙𝑎𝑛𝑒

𝑆𝑙𝑜𝑝𝑒 𝑜𝑓 𝑖𝑠𝑜𝑡ℎ𝑒𝑟𝑚𝑎𝑙 𝑐𝑢𝑟𝑣𝑒 𝑜𝑛 𝑡ℎ𝑒 𝑠𝑎𝑚𝑒 𝑝−𝑣 𝑝𝑙𝑎𝑛𝑒



Joule Thomson effect



• Joule-Thomson coefficient, 𝜇𝐽𝑇 =
𝜕𝑇

𝜕𝑝 ℎ

• 0 = 𝐶𝑝 𝑑𝑇 − 𝑇
𝜕𝑣

𝜕𝑇 𝑝
− 𝑣 𝑑𝑝

𝜇𝐽𝑇=
𝜕𝑇

𝜕𝑝
ℎ

=
1

𝐶𝑝
𝑇

𝜕𝑣

𝜕𝑇
𝑝

− 𝑣



• 𝐹𝑜𝑟 𝑎𝑛 𝑖𝑑𝑒𝑎𝑙 𝑔𝑎𝑠 ⇨ 𝑝𝑣 = 𝑅𝑇

•
𝜕𝑣

𝜕𝑇 𝑝
=

𝑅

𝑝
=

𝑣

𝑇

• 𝜇𝐽𝑇 =
𝜕𝑇

𝜕𝑝 ℎ
=

1

𝐶𝑝
𝑇

𝑣

𝑇
− 𝑣 = 0

𝐹𝑜𝑟 𝑎𝑛 𝑖𝑑𝑒𝑎𝑙 𝑔𝑎𝑠, 𝜇𝐽𝑇 = 0



Also,

• 𝜇𝐽𝑇 =
𝜕𝑇

𝜕𝑝 ℎ
=

1

𝐶𝑝
𝑇

𝜕𝑣

𝜕𝑇 𝑝
− 𝑣

• 𝛽 =
1

𝑣

𝜕𝑣

𝜕𝑇 𝑝

𝜇𝐽𝑇 =
𝑣

𝐶𝑝
𝛽𝑇 − 1



For inversion curve

• 𝜇𝐽𝑇 =
𝑣

𝐶𝑝
𝑇𝛽 − 1 = 0

Since, 𝑣, 𝐶𝑝 𝑐𝑎𝑛𝑛𝑜𝑡 𝑏𝑒 = 0

• 𝑇𝛽 − 1 = 0

𝑇𝛽 = 1

equation for the inversion curve



Clausius – Clapeyron Equation



• 𝑝 = 𝑝 𝑇

•
𝜕𝑝

𝜕𝑇 𝑣
=

𝜕𝑠

𝜕𝑣 𝑇

•
𝑑𝑝

𝑑𝑇
=

𝜕𝑝

𝜕𝑇 𝑣
=

𝜕𝑠

𝜕𝑣 𝑇
=

∆𝑠

∆𝑣 𝑇
=

𝑠𝑔−𝑠𝑓

𝑣𝑔−𝑣𝑓
=

𝑠𝑓𝑔

𝑣𝑓𝑔

𝑑𝑝

𝑑𝑇
=

1

𝑇

ℎ𝑓𝑔

𝑣𝑓𝑔
… . . 𝐶𝑙𝑎𝑝𝑒𝑦𝑟𝑜𝑛 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛



• Simplification of Clapeyron equation

• At low pressures 𝑣𝑔 ≫ 𝑣𝑓, 𝑎𝑛𝑑 𝑡ℎ𝑢𝑠 𝑣𝑓𝑔 ≈ 𝑣𝑔

• 𝑣 = 𝑣𝑔 =
𝑅𝑇

𝑝

•
𝑑𝑝

𝑑𝑇
=

1

𝑇

ℎ𝑓𝑔

𝑣𝑓𝑔

⇨
𝑑𝑝

𝑑𝑇
=

1

𝑇

ℎ𝑓𝑔

𝑣𝑔
=

𝑝

𝑇

ℎ𝑓𝑔

𝑅𝑇
=

ℎ𝑓𝑔

𝑅

𝑝

𝑇2



•
𝑑𝑝

𝑝
=

ℎ𝑓𝑔

𝑅

𝑑𝑇

𝑇2

Integrating..

𝑙𝑛
𝑝2

𝑝1 𝑠𝑎𝑡

=
ℎ𝑓𝑔

𝑅

1

𝑇1
−

1

𝑇2 𝑠𝑎𝑡

𝐶𝑙𝑎𝑢𝑠𝑖𝑢𝑠 − 𝐶𝑙𝑎𝑝𝑒𝑦𝑟𝑜𝑛 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛


